2001 NovemberÐDecember 1

COMPUTING SCIENCE

THIRD BASE

Brian Hayes

A reprint fro m

American Scientist

the magazine of Sigma Xi, the Scientific Research Society

Volume 89, Number 6

NovemberÐDecember, 2001 pages 490Ð494

This reprint is provided for personal and noncommercial use. For any other use, please send a request to Permissions,

P

eople count by tens and machines count by twosÑthat pretty much sums up the way we do arithmetic on this planet. But there are countless other ways to count. Here I want to offer three cheers for base 3, the ternary system.

The numerals in this sequenceÑbeginning 0, 1, 2,

10, 11, 12, 20, 21, 22, 100, 101Ñare not as widely known or widely used as their decimal and binary cousins, but they have charms all their own.

They are the Goldilocks choice among numbering systems:When base 2 is too small and base

10 is too big, base 3 is just right.

Cheaper by the Threesome

Under the skin, numbering systems are all alike.

Numerals in various bases may well look different, but the numbers they represent are the same.

In decimal notation, the numeral 19 is shorthand for this expression:

1 ´ 10

1

+ 9 ´ 10

0

.

Likewise the binary numeral 10011 is understood to mean:

1 ´ 2

4

+ 0 ´ 2

3

+ 0 ´ 2

2

+ 1 ´ 2

1

+ 1 ´ 2

0

, which adds up to the same value. So does the ternary version, 201:

2 ´ 3

2

+ 0 ´ 3

1

+ 1 ´ 3

0

.

The general formula for a numeral in any positional notation goes something like this:

É d

3

r

3

+ d

2

r

2

+ d

1

r

1

+ d

0

r

0

. É

Here r is the base, or radix, and the coefficients d

i

are the digits of the number. Usually, r is a positive integer and the digits are integers in the range from 0 to r Ð1, but neither of these restrictions is strictly necessary. (You can build perfectly good numbers on a negative or an irrational base, and below weÕll meet numbers with negative digits.)

To say that all bases represent the same numbers, however, is not to say that all numeric representations are equally good for all purposes. Base

10 is famously well suited to those of us who count on our fingers. Base 2 dominates computing

technology because binary devices are simple and reliable, with just two stable statesÑon or off, full or empty. Computer circuitry also exploits a coincidence between binary arithmetic and binary logic: The same signal can represent either a numeric value (1 or 0) or a logical value (trueorfalse).

The cultural preference for base 10 and the engineering advantages of base 2 have nothing to do with any intrinsic properties of the decimal and binary numbering systems. Base 3, on the other hand, does have a genuine mathematical distinction in its favor. By one plausible measure, it is the most efficient of all integer bases; it offers the most economical way of representing numbers.

How do you measure the costof a numeric representation?If you simply count digits, then the biggest base will always win; for example, base

1,000,000 can represent any number between 0 and decimal 999,999 in a single digit. The trouble is, that single digit can be any of a million different symbols, all of which you must somehow recognize. At the opposite pole are unary, or base-1, numbers. The unary representation of decimal

1,000,000 needs only one type of symbol, but that symbol is repeated a million times. (Unary notation is in a category apart from other basesÑitÕs not really a positional number systemÑbut in the p resent context it serves as a useful limiting case.)

Among all possible ways of writing the numbers up to a million, neither base 1,000,000 nor base 1 seems ideal; as a matter of fact, you could hardly do worse than either of these choices.

Minimizing the number of digits causes an explosion in the alphabet of symbols, and vice versa; when you squish down one factor, the other squirts out. Evidently we need to optimize some joint measure of a numberÕs width (how many digits it has) and its depth (how many different symbols can occupy each digit position). An obvious strategy is to minimize the product of these two quantities. In other words, if r is the radix andw is the width in digits, we want to minimizerwwhile holdingr

w

constant.

Curiously, this problem is easier to solve if r andw are treated as continuous rather than integer variablesÑthat is, if we allow a fractional base and a fractional number of digits. Then it turns out (see Figure 1) that the optimum radix is

490 AmericanScientist, Volume 89

COMPUTING SCIENCE

THIRD BASE

Brian Hayes

Brian Hayes is Senior Writer for American Scientist. Address:

211 Dacian Avenue, Durham, NC 27701; bhayes@amsci.org

e, the base of the natural logarithms, with a numerical value of about 2.718. Because 3 is the integer closest to e, it is almost always the most economical integer radix (see Figure 2).

Consider again the task of representing all numbers from 0 through decimal 999,999. In base

10 this obviously requires a width of six digits, so thatrw = 60. Binary does better: 20 binary digits suffice to cover the same range of numbers, for rw = 40. But ternary is better still: The ternary representation has a width of 13 digits, so that rw = 39. (If base e were a practical choice, the width would be 14 digits, yielding rw = 38.056.)

Trit by Trit by Trit

This special property of base 3 attracted the notice of early computer designers. On the hypothesis that a computerÕs component count would be roughly proportional both to the width and to the depth of the numbers being processed, they suggested thatrwmight be a good predictor of hardware cost, and so ternary notation would make the most efficient use of hardware resources. The earliest published discussion of this idea IÕve been able to find appears in the 1950 book High-speed

Computing Devices, a survey of computer technologies compiled on behalf of the U.S. Navy by the staff of Engineering Research Associates.

At about the same time as the ERAsurvey, Herbert R. J. Grosch proposed a ternary architecture for the Whirlwind computer project at MIT. Whirlwind evolved into the control system for a military radar network, which stood vigil over North

American airspace through 30 years of the Cold

War. Whirlwind was also the proving ground for several novel computer technologiesÑincluding magnetic core memoryÑbut ternary arithmetic was not among the innovations tested; Whirlwind and its successors were binary machines.

As it happens, the first working ternary computer was built on the other side of the Iron Curtain. The machine was designed by Nikolai P.

Brusentsov and his colleagues at Moscow State

University and was named Setun, for a river that flows near the university campus. Some 50 machines were built between 1958 and 1965. Setun operated on numbers composed of 18 ternary digits, or trits, giving the machine a numerical range of 387,420,489. A binary computer would need 29 bits to reach this capacity; in terms of rw, the ternary design wins 54 to 58.

Unfortunately, Setun did not realize the potential of base 3 to reduce component counts. Each trit was stored in a pair of magnetic cores, wired in tandem so that they had three stable states. A pair of cores could have held two binary bits, which amounts to more information than a single trit, and so the ternary advantage was squandered.

Along with ternary arithmetic, a computer built of base-3 hardware can also exploit ternary logic.

Consider the task of comparing two numbers. In a machine based on binary logic, comparison is often a two-stage process. First you ask, ÒIs x less

thany?Ó; depending on the answer, you may then have to ask a second question, such as ÒIs x equal to y?Ó Ternary logic simplifies the process:A single comparison can yield any of three possible outcomes:Òless,Ó ÒequalÓ and Ògreater.Ó

Ternary computers were a fad that faded, though not quickly. In the 1960s there were several more projects to build ternary logic gates and memory cells, and to assemble these units into larger components such as adders. In 1973

Gideon Frieder and his colleagues at the State

University of New York at Buffalo designed a complete base-3 machine they called TERNAC, and created a software emulator of it. Since then the idea of ternary computing has had occasional revivals, but youÕre not going to find a ternary minitowerin stock at CompUSA.

Why did base 3 fail to catch on?One easy guess is that reliable three-state devices just didnÕt exist or were too hard to develop. And once binary technology became established, the tremendous investment in methods for fabricating binary chips would have overwhelmed any small theoretical advantage of other bases. Furthermore, itÕs